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Trajectory Matching Flight-Path Optimization
of Aerospace Vehicles

Rush D. Robinett* and G. Richard Eisler"
Sandia National Laboratories, Albuquerque, New Mexico 87185

A new class of six-degree-of-freedom optimization problems referred to as trajectory matching flight-path
optimization is addressed and explicitly described via an example problem. The essence of this class of flight-
path optimization problems is to force an aerospace vehicle to follow prescribed translational and rotational
velocity histories or to motion-match. For this example, a lightweight, axisymmetric re-entry vehicle decoy is
designed to match the motion of a typical full-weight re-entry vehicle by optimizing its mass properties. The
optimization problem, which is performed in two steps, is given as the minimization of the difference between the
target trajectory and the actual trajectory subject to physical constraints. The first step utilizes a unique stability
measure to develop similarity parameters that provide excellent initial guesses for the numerical optimization
routine employed in the second step. The second step utilizes a sequential quadratic programming algorithm to
numerically solve the constrained minimization problem. Simulation results demonstrate the robust trajectory

matching of the lightweight re-entry vehicle.

I. Introduction

HE preliminary designof an aerospacevehicleentails choosing

a basic planform from among many differentconceptualideas.
The basic planform must enable the vehicle to perform a prescribed
mission within an acceptableflight envelope while satisfyingcertain
physical constraints. In most cases, the physical constraints define
feasible regions from which to choose but do not provide exact
values of the planform dimensions. As a result, the preliminary
designer must determine the planform dimensions, one hopes in
some optimum fashion, to satisfy the mission requirements.

Typically, the basic planform dimensions are established using
a point mass analysis in a variety of numerical ways.!~* The point
mass analysisis often referred to as trajectory optimizationbecause
good translational information usually can be obtained without rig-
orously including the dynamics associated with the rotational de-
grees of freedom (DOF). In particular, the body orientationis artifi-
cially constrained, for example, to maintain zero angle of attack. Al-
though useful translational trajectory informationis acquired, point
mass analyses do not deliver detailed rotational motions or include
the effects of dynamic coupling. Consequently, if oneis interestedin
six-DOF optimization, the point mass trajectories usually represent
a starting point for further investigation.

This paper contributes to the methodology for six-DOF optimiza-
tion by addressinga new class of problems. The new class of prob-
lems is referred to as trajectory matching flight-path optimization.
The essence of this flight-path optimization procedure is to force a
vehicle to follow (as nearly as possible) prescribed translationaland
rotational velocity histories or to motion-match. The target trajec-
tory is assumed to be specified in advance, and the general form of
the optimization problem is given as the minimization of the differ-
ence between the target trajectory and the actual trajectory subject
to physical constraints. The minimization process is performed in
two steps. The first step utilizes a unique stability measure, referred
to as stability of motion matching (SMM),>® to develop similarity
parameters that provide excellent initial guesses for the numeri-
cal optimization routine employed in the second step. The second
step utilizes a sequential quadratic programming (SQP) algorithm’
to numerically solve the constrained minimization problem. The
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performance index is a time integral of the weighted squared resid-
uals of the flight-path errors, and the optimization parameters are
the mass properties of the vehicle.

To explicate the design process, a lightweight (10% of the mass),
axisymmetricre-entry vehicle (RV) decoy was designedto match the
six-DOF motion, i.e., translational and rotational velocity histories,
of a typical full-weight RV. To match the six-DOF motion of a full-
weight RV, the mass properties of the lightweight RV, which has an
identical external geometry, i.e., the same aerodynamic properties,
were judiciously chosen. The initial assumption in the design pro-
cess is that the dynamics of both RVs can be forced to be identical.
The dynamics can never be identical in practice, but by analytically
imposing this ideality via the SMM formulation, a set of similarity
parameters was identified. These similarity parameters were used to
initialize the SQP algorithmand to develop a lightweightdynamical
match of the full-weight RV.

The rest of the paper is divided into five sections. Section II
derives the equations of motion for an axisymmetricRV, and Sec. I1I
develops the concept of SMM. Section IV defines the optimization
problem, and Secs. V and VI provide the results and conclusions.

II. Equations of Motion

The equations of motion for an axisymmetricRV are derived from
Newton’s laws in vector form. The RV is assumed to have constant
mass with its center of mass location defined relative to a fixed
reference point o inside the body (Fig. 1). The principal moments
of inertia are assumed to be collinear with the geometric axes of
symmetry, and the external forces and torques are due to gravity
and aerodynamic loading. The equations of motion relative to the
nonrolling frame are®-*

F= m[V+wN/1 X V+(.;}N/1 X Pem +wN/1 X (wN/I X pcm)] (1)

=H+ WN/1 X H + mp., X [V+ WN/1 X V] 2)

external forces

angular momentum about point o
external moments about point o

RV mass

velocity of point o

center of mass location relative to point
o that is fixed in the nonrolling frame
wy;1 = rotation rate of the nonrolling frame
relative to the inertial frame
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Fig.1 Coordinate systems.

A nonrolling frame is used to analyze the motion of the RVs be-
cause both vehicles are axisymmetric (no useful roll information),
and these equations are numerically more stable than the equiva-
lent body-fixed equations of motion. As a result, the typical 3-2-1
rotation sequence (yaw, pitch, roll) can be reduced to only a 3-2
sequence:

{i} = [C(y. 0)1{A) 3)

where

{f } = unit vector defining the inertial frame
{n} = unit vector defining the nonrolling frame
0 = pitch Euler angle
Y = yaw Euler angle

and

cosfcosy —siny sinfcosy
sin 6 sin Y )
—sind 0 cos 6

[CW.0)] =

cosfsiny cosy

The state-space equations that result from the combination of Eqgs.
(1-3) are given next. The state vector is defined as

x=(Xp, Yo, Zo, ¥, 0, 1,0, w, p,q. 1) (5)
where
V = uiy + vity + wits = X 0, + Yoiy + Z,is
wnj = PRyt qiy T,

and p is the body-fixed roll rate.
The translational velocity of point o in the inertial frame is

X, "
v, | =1cw,ol|v
Z, w

and the Euler angle rates are

O

The translational accelerations in the nonrolling frame are

where

Fy., Fy,, Fy, = aerodynamic forces

&y, &y, & = gravity components
', I = roll and pitch (yaw) moments of inertia
My, M,,, My, = aerodynamic moments
p = nonrolling roll rate, — sin 0
1. SMM

The SMM concept begins with the stability of a motion as de-
scribed by Willems.” The stability of a motion is used to assess
the stability of a system trajectory that over time may not converge
to a single equilibrium point in the phase hyperplane. A motion
x(t; x9, tp)is stableif, forany g and ¢ > 0, thereexistsad(e, #y) > 0
such that

llx(#; x0, o) —x (2521, f0)|l <& (®)
for
and all t>1

lxo —xill <8

Figure 2 presentsa pictoralinterpretationof the precedingdefinition.
The stability of a motion is modified to develop the SMM

formulation>® A vehicle that is described by f; is e-stable with

respect to motion-matchingif, for any £, any x,, and an ¢ > 0,

llx(2; x0, t0) — X(t; X0, 20)lx < & 9
with
X=pHE 1

and for all t > f,, where f defines the reference (target) vehicle
dynamics. The specific form of the weighted norm in Eq. (9) is

x=filx, 1) and

llx (75 x0, o) — X(2; X0, to) I
= || K" - (e x0. 10) — %t x0, 101
= max |k;[x; (Z; X0, to) — X; (t; X0, 10)]|
1

where k; is the ith normalization constant. The modifications to the
original definition take on the forms of two separate sets of state
equations (system models), a weighted norm, and the application
of uniform boundedness [refer to the first of Egs. (9)]. The two sets
of equations replace the original single-set formulation because the
motion-matching criteria force one vehicle to follow the motion of
a reference or target vehicle given the same initial conditions.

The weighted norm is utilized to provide a deviation measure
between the two vehicles that can be interpreted as a percentage
measure. In fact, if the weights are chosen properly, i.e., the ith
weight is chosen as the inverse of the maximum value of the i th state
along the trajectory of interest, the weighted deviation of Eq. (9) is
approximately the percentage error of the deviation of the actual
trajectory from the target trajectory. As a result, the value of ¢ is
simply chosenas the amountof percentageerror that can be tolerated
by the mission requirements.

i (Fa.[m) + g: — qu + rv + xem(g> +17)
0| =1 (Fa,/m)+g —ru+pw— x|l - meZmTl (M, = XewFa, + 1. Pq) (6)
W (Fa. [m) + 8. — pv + qu +xen [T — mx2, ] (My, + xenFa. — L. p7)

and the body-fixed roll and nonrolling pitch and yaw accelerations
are

MA; /Ixx
= [I — mezmTl (MA} + XemFa, — Ixxﬁr) + pr (7

[I — mxczm]il (MAZ - xcmFA} + I\\ﬁq) —Pq

TSP T

The definition of uniform boundedness is used to describe the
deviation of one vehicle from the other. The deviation is required
to be bounded by a prescribed ¢ that is not a function of either the
initial time or the initial state. In other words, the deviation must be
bounded by a single perturbation limit no matter what initial times
or states are chosen.

To illustrate the SMM formulation, the similarity parameters for
the design of an axisymmetric RV are derived by setting ¢ = 0,
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Fig. 2 Stability of a motion.

which implies perfect motion-matching. Perfect motion-matching
occurs when the accelerationsand velocitiesof each RV are identical
given the same initial conditions. This situation implies that

x—xX=0 (10)
and
x—x=0 (1D

Although perfect motion-matching cannot be obtained, the result-
ing similarity parameters provide excellent initial guesses for the
numerical optimization process and provide design rules of thumb.
Because both vehicles are initialized with the same state vector, the
velocity variables are the only trajectory time histories of interest.
The position variables are removed from the SMM formulation by
zeroing the appropriate weights. The optimization parameters that
are incorporated into the similarity parameters are the mass prop-
erties (m, Xem, Iy, I) of the lightweight RV, which are subscripted
1, and the full-weight RV parameters are subscripted 2. By apply-
ing Eqgs. (9-11) to the dynamics of the lightweight RV (x) and the
full-weight RV (¥), the similarity parameters for perfect motion-
matching are given as

Xem; = Xom, (12)
I I
I, — ;nixczml - I, — m;cczm2 (13)
Fa, [mi=Fa, [m (14)
Fa, [my = Fa,, [m; (15)
FAjl/ml = FAQ/mz (16)
My, [l =M, [, (17)
My, + Xem Fa, _ My, + Xem, Fa,, (18)
I, — ml)cczml I, — mz)cczm2
MAZ1 _xcmlFAH _ MAZ2 _)CcszA,2 (19)
I, — mx2 I, — myx2

cmy cmy

As an example of how these similarity parameters are derived, the
nonrolling axial velocity of Eqs. (6) is used to obtain Eqs. (12) and
(14). First, the axial accelerations of the RVs are set equal to one
another [Eq. (10)]:

(Fm1 /ml) + &« — qrwi + rvg + Xem, (q12 + r12)

= (FAAZ/mZ) T 8x, — qaWz + 1202 + Xem, (q22 +r22)

Next, Eq. (11) is used to eliminate equivalent terms (because all
of the states are identical), which results in the following reduced
equation:

(Fay 1)+ 5 (04 72) = (P fr) +-50s (a2 +2)

The last step is to equate like terms, which directly results in
Eqgs. (12) and (14). The other similarity parameters are acquired by

applyingthe same methodologyto the body-fixed rollrate [Eq. (17)],
the nonrolling pitch rate [Eqs. (13) and (18)], the nonrolling yaw
rate [Eq. (19)], the nonrolling y-direction velocity [Eq. (15)], and
the nonrolling z-direction velocity [Eq. (16)].

A prudent step at this point is to understand the impact of each
of these similarity parameters on the design of a lightweight RV.
Equations (14-16) are equivalent to matching the aeroballistic co-
efficients of the RVs:

mlg/CAAA =m2g/CAAA

where
A = reference area
C,, = aerodynamic axial force coefficient

Obviously, these similarity parameters cannot be affected by the
optimization of the mass properties because only the total mass pa-
rameter is included, and these relationships would require that the
masses of both RVs be identical (because the aerodynamic char-
acteristics are the same). The effective solution to this problem is
to compensate with a thrust augmentation system as described in
Ref. 6, where direct control over these similarity parameters is ob-
tained in the following manner:

Fy, +T  Fu,

m - my

where T is the optimal thrust history necessary to match the trans-
lational velocities by decreasing the aerodynamicdeceleration. The
details of obtaining the optimal thrust history and how the mass
properties vary with time are not discussed because the goal of
this study is to optimize the fixed (constant) mass properties of the
lightweight RV.

The effects described by Eq. (17) are minimal for this design
because the aerodynamic induced roll torques are small over the
altitude range of interest. As a result, this constraintis neglected in
the following optimization process.

Equations (12), (13), (18), and (19) are the similarity relationships
of importance to this design. Even though Eq. (12) is rigorously
correct, the design can violate this relationship and perform quite
satisfactorily.The reasonfor this behavioris that Eqs. (6) are the only
places where this constraintis effective, and these terms constitute a
small percentageof the total translationalaccelerationsas compared
with aerodynamicforces. Consequently, this constraintis neglected
during the optimization process.

Equation (13) requires that the moment of inertia ratio of the full-
weight RV be maintainedin the lightweightRV. This requirementis
more intuitive if the torque-free coning motion of an axisymmetric
RV is considered. Equation (13) can be easily derived from the
torque-freeequations of motion of an RV by imposing the constraint
of matched coning motions.® Specifically, 6 is the coning angle
for torque-free motion of an axisymmetric body and is described

mathematically as
(1 —mx2)/q? + 2
tanf. = —
Lp
By imposing matched coning angles, ¢, = 6,, and assuming

perfect motion-matching (¢, = q,, r; = r,, and p; = p,), Eq. (13)
is the direct result.

The combination of Egs. (18) and (19) leads to the design con-
straints of minimizing the static margin and maximizing the pitch
moment of inertia of the lightweight RV. The static margin is de-
fined as the difference between the center of pressure and the center
of mass locations relative to point o (and the nose of the RV; see
Fig. 3). The static margin is a function of altitude and is calculated
from the following relationship:

— (M, /Fi.)

Xem — Xep _ Xem

SM =

wherel, is the total length of the RV. Typically, the center of pressure
location moves (forward) toward the nose as the altitude decreases,
which, in turn, decreases the static margin. The minimum allowable
static margin is defined by the static stability requirements of the
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RV. In particular, the onset of static instability is typically dictated
by the altitude at which the static margin becomes negative, i.e.,
the center of pressure moves in front of the center of mass relative
to the nose of the RV. The minimum altitude of interest usually
determines the point of neutral stability (the static margin equals
zero), which, in turn, dictates the most negativelocation of the center
of mass of the RV relative to the reference point o, i.e., the RV is
statically stable over the altitude range of interest. As a result, the
static margin should be reduced to the length necessaryto reduce the
aerodynamicinducedrotationalaccelerationson the lightweightRV
to the levels on the full-weight RV, i.e., satisfy Eqs. (18) and (19),
without destabilizing the lightweight RV over the altitude range of
interest. More than likely, this process will result in minimizing the
static margin because the pitch moment of inertia of the lightweight
RV cannot be made large enough to satisfy Egs. (18) and (19) by
itself.

Even though the maximum value of the pitch moment of iner-
tia will not satisfy the similarity parameters, the prior static margin
constraintslead directly to the maximization of the pitch moment of
inertia. By maximizing the pitch moment of inertia, the static mar-
gin at the minimum altitude of interest can be increased in length
because the influence of the aerodyamic moments on the rotational
accelerationsis decreased. This increasedlength at the minimum al-
titude enables the lightweight RV to remain statically stable over a
larger altitude range, i.e., the point of neutral stability occurs below
the minimum altitude of interest. The larger altitude range obvi-
ously increases the operating range of the lightweight RV, but more
importantly, it provides a more robust design that is insensitive to
variations in aerodynamic characteristics. To be more specific, the
lightweightRV remains statically stable and performs properly even
if the aerodynamic and atmospheric models are in error.

In summary, the design rules of thumb are that the moment of
inertia ratio of the RVs should be matched, the pitch moment of
inertia of the lightweight RV should be maximized, and the static
margin of the lightweight RV should be minimized to match the
dynamics of the full-weight RV.

IV. Optimization Formulation

The present optimization process is formulated as a typical con-
strained parameter optimization problem. A performance index of
the form

rf rf
J=/ L(x,E,t)dt:/ x—%TWx—%dr (20)

is minimized subject to
x=fi(x, & 1)
and
Ci =0

where

C = constraint vector (b x 1)
W = diagonal, positive, semidefinite matrix
Xx = state vector(n x 1)

X = target state vector (n X 1, known)
& = parameter vector (@ x 1, constants)

This performance index is preferable to the norm employed in
Eq. (9). The advantage of the L, norm for the optimization process
is thatit providesa smoother (continuous) performance surface than
the L, norm and only requires “convergencein the mean.”'° Con-
vergence in the mean enables the designer to judiciously trade off
the performance of each velocity history.

The diagonal weight matrix providesthe knobs to turn to perform
the design tradeoffs. One way to select the values of the diagonal
weightmatrix is to utilize the weight vectorin the SMM formulation.
This selection will approximatelyscale the deviations to one. In this
example, the weights applied to the velocity variables were chosen
to be one to demonstrate that scaling is not necessary to obtain
a converged solution when the similarity parameters are used to

Table1 Full-weight RV

External dimensions, cm

Tn b lo lem la
5 25 91 91 152
Mass properties
ma, kg Xema> M Iy, kg- m? L. kg - m?

149.96 0.0 2.56 22.477

Table 2 Constraint values

Xemy M Ixmmin’ kg-m? D> kg m?
—0.125 3.0 + 71| Xem, | 2iay

Xem i, M Ixxlmax ke m? Dians KG - m?
0.125 0.8 6.0 + m1 |Xem, [2x

e S

L4

Fig.3 External dimensions.

initialize the optimization procedure. The diagonal weight matrix
used in the optimization process is

W = diag(0,0,0,0,0,1,1,1,1, 1, 1)
the parameter vector is
= (my, Xemy s Ixxls II)T
and the constraint vector is defined as

0=m; =0.1lm, Xemimin = Xemp = Xemy o

=< Ixxl < I

— XX Imax

Ixxlmin Ilmin = Il = Ilmax

where the minimum and maximum values are determined from the
geometric constraints of the vehicle and the available mass. The
mass properties and physical dimensions of the full-weight RV are
given in Table 1 and Fig. 3, and the constraint values are given in
Table 2. Two-sided inequality constraints are used because of the
physical constraints of the RV geometry, and in addition, the lower
bounds restrict the SQP algorithm to solutions with positive mass
properties.

V. Results

The results of the optimization processfor a 10% weight, axisym-
metric RV are givenin the followingtables and figures. The tracking
error is minimized over the altituderange of 400,000-245,000 ft be-
cause thrust augmentationis required below 245,000 ft. The shape
of the performance surface is presented in Figs. 4-6 for variations
in the roll and pitch moments of inertia with the mass and center of
mass fixed at 14.97 kg and 0.0 m, respectively. It is readily apparent
from Fig. 4 that a well-behaved minimum exists along the constraint
boundary, I = 6.0 (which corresponds to the design rule of thumb
no. 2: maximize the pitch moment of inertia), and the moment of
inertiaratio, /., /I = 0.1, defines a valley leading to the minimum,
i.e., design rule of thumb no. 1: retain the moment of inertia ratio
of the full-weight RV. Figure 5 is a cut along this valley, whereas
Fig. 6 is a cut along the constraint plane, / = 6.0. As one can see,
the region around the minimum is unimodal, smooth, and robust to
small variations in the moments of inertia.
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Fig.6 Constant pitch moment of inertia (6.0).

The mass properties of the full-weight RV and the optimized
lightweight RV are given in Table 3 for comparison purposes. A
second lightweight RV was developed by perturbing the optimal
lightweight RV mass properties. The center of mass was perturbed
20%, which produces approximately5 % variationin the moments of
inertia. This RV was simulated to demonstrate the robustness of the
design to variations in the mass properties (Table 3). The optimized
RV performanceis presentedin Figs. 7-11. The performancesof the

Altitude (km)

RV Speed (m/s)

Roll Rate (rad/s)

Table 3 Mass properties

907

Parameter RV Optimized LRV Second LRV
m, kg 149.7 14.97 14.97
Xem, M 0.0 —0.125 —0.100
Iy, kg - m? 2.560 0.629 0.601

I, kg - m? 22.500 6.234 6.150
Ly /(I —mx2, 0.1138 0.1048 0.1002
130 v T T T T T T T T

501 J
401 1
a0 ; . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Time (secs)
Fig.7 Altitude time history.
6900 - T . . T T T T T
Legend
—— RV
_____ Opt LRV
-——-2m|RY
6850 1
6800
6750 . . . . ) . . ) .
0 2 4 6 8 10 12 14 16 18 20
Time (secs)
Fig.8 Speed time history.
6.5 T T T T T T ;
6.451 Legend 1
—— RV
B4r . Opt LRV 1
-——-2dRY
6.351 1
8.3F §
6.250 j
6.2f E
6.15F j
8.1f -
8.05[
5 . . ) . . . . . .
0 2 4 6 14 16 18 20

8 _ 10 1
Time (secs

Fig. 9 Body-fixed roll rate time history.
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0.05 T T T T T T T T T

0.041
] Opt LRV 1
0.02

0.01

-0.01

Pitch Rate (rad/sec)
o

-0.02

-0.03F

-0.04f

~0.05 I L I L L L L L L

Time (secs)

Fig.10 Pitch rate time history.

0.05 T T T T T T T T T
Legend

— RV
oosl ——- Opt LRV ]
-——-2%LRY

0.01

—0.01

Yaw Rate (rad/sec)
o

—0.02 4

-0.03F 1

—0.041

_0.05 L L L : L I L L I

Time (secs)

Fig.11 Yaw rate time history.

two lightweightRVs are nearly equivalentfor the first three variables
(Figs. 7-9). Note that the lightweight RV speeds drop off because
no drag compensationis employed. Figures 10 and 11 show the su-
perior pitch and yaw response matching of this design as compared
with the designs of Refs. 5 and 6 because the center of mass posi-
tion constraint was relaxed to —0.125 m, i.e., design rule of thumb
no. 3: minimize the static margin. This center of mass position re-
duces the static margin of the lightweight RV and better matches
the transverse rotational similarity parameters. Also, the robustness
of the design is demonstrated by the very good performance of the
second lightweight RV with the perturbed parameters.

VI. Conclusions

A new class of six-DOF optimization problems referred to as
trajectory matching flight-path optimization was addressed and ex-
plicity demonstrated via an example problem. A lightweight RV
was designed to match the six-DOF dynamics of a full-weight RV
with an optimization procedure that was initialized with similar-
ity parameters. The similarity parameters were developed with a
unique stability measure and were used to understand the dominant
design parameters and provide excellent initial guesses to the op-
timization algorithm. The results of this design are superior to the
designsof Refs. 5 and 6 because the center of mass location was free
to move closer to the center of pressure (reducing the static mar-
gin) and, in turn, to reduce the aerodynamic moments (pitch and
yaw).

In addition, a set of design rules of thumb was developed dur-
ing this study. The design rules of thumb are that the mass of the
lightweight RV should be maximized, the moment of inertia ra-
tios of the RVs should be matched, the pitch moment of inertia of
the lightweight RV should be maximized, and the static margin of
the lightweight RV should be minimized to match the dynamics
of the full-weight RV. As a result, this study has shown that simi-
larity parameters and six-DOF optimization are effective tools for
designinglightweightRVs that are robust to variationsin their mass
properties.
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